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An almost complex Castelnuovo de Franchis theorem
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Abstract. Given a compact almost complex manifold, we prove a Castelnuovo—de
Franchis type theorem for it.
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1. Introduction

Given a smooth complex projective variety X, the classical Castelnuovo-
de Franchis theorem [2, 4] associates to an isotropic subspace of H%(X, Q)
of dimension greater than one an irrational pencil on X. The topological
nature of this theorem was brought out by Catanese [3], who established
a bijective correspondence between subspaces UcH Y(X,C) of the form
U @ U with U being a maximal isotropic subspace of H*(X,C) of dimension
g > 1 and irrational fibrations on X of genus g. The purpose of this note
is to emphasize this topological content further. We extract topological
hypotheses that allow the theorem to go through when we have only an
almost complex structure.

In what follows, M will be a compact smooth manifold of dimension 2k.
Let

Jy :TM — TM

be an almost complex structure on M, meaning Jy; o Jyy = —Idpyy.

Definition 1.1 We shall say that a collection of closed complex 1-forms
wi,...,wn on M are in general position if

(1) the zero-sets
Z(w;) ={r e M |wi(x) =0} C M

are smooth embedded submanifolds, and
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(2) these submanifolds Z(w;) intersect transversally.
We are now in a position to state the main theorem of this note.

Theorem 1.2 Let M be a compact smooth 2k—manifold equipped with an
almost complex structure Jyr. Let wy,...,wy be closed complex 1-forms on
M linearly independent over C, with g > 2, such that

e cach w; is of type (1,0), meaning w;(Jr(v)) = V=1 - w;(v) for all
veTM, and

e w; are in general position with w; Aw; =0 for all i,j.
Then there exists a smooth almost holomorphic map f : M — C to a com-
pact Riemann surface of genus at least g, and there are linearly independent
holomorphic 1-forms ni,...,ng on C, such that w; = f*n; for all 1.

2. Leaf space and almost complex blow-up

2.1. Leaf space

Assume that w; are forms as in Theorem 1.2. Since w; A w; = 0 for all
1 <i,5 < g, it follows that there are complex valued smooth functions f;
such that

wi = fi,jwj (1)
wherever w; # 0. Hence the collection
W= {wl,...,wg}

determines a complex line subbundle of the complexified cotangent bundle
(T* M) ® C over the open subset

V::M\ﬁZ(wi)CM.

i=1

Lemma 2.1 Let F:={v € TV |wi(v) =0V 1< i< g} CTV be the
distribution on V defined by W. Then F is integrable and defines a foliation
of real codimension two on V.

Proof. Forany xz € M and 1 < i < g, consider the R-linear homomorphism
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wi Ty M — C, v+ wi(z)(v).

Since w; is of type (1,0), if w;(x) # 0, then wf is surjective. Also, wf is a
scalar multiple of wf because w; A w; = 0. Therefore, we conclude that the
distribution F on V is of real codimension two.

Since dw; = 0 for all ¢, it follows that the distribution F is integrable.

O

Remark 2.2 Since Z(w;) are smooth embedded submanifolds by hy-
pothesis, and w; are of type (1,0), it follows that Z(w;) are almost com-
plex submanifolds of M, meaning Jp; preserves the tangent subbundle
TZ(wi) C (TM)|z(w,)- Consequently, all the intersections of the Z(w;)’s
are also almost complex submanifolds and are therefore even dimensional.

Clearly, each Z(w;) has complex codimension at least one (real codi-
mension at least two) as an almost complex submanifold. Therefore, the
complement M \ V' has complex codimension at least two.

2.2. Almost complex blow-up

We shall need an appropriate notion of blow-up in our context. Suppose
K C M is a smooth embedded submanifold of M of dimension 25 such that
Ju(TK) = TK. By Remark 2.2, the submanifold ?_, Z(w;) satisfies these
conditions. Note that Jj; induces an automorphism

a2 (TM)| ) /TK — (TM)|x)/TK

of the quotient bundle over K. Since Jjs is an almost complex structure it
follows that Jys/x © Jaryx = —1dramy ) /Ti- Therefore, (T'M)|x)/TK is
a complex vector bundle on K of rank k — j. We would like to replace K
by the (complex) projectivized normal bundle P(((T'M)|x)/TK) which will
be called the almost complex blow-up of M along K.

For notational convenience, the intersection (7_; Z(w;) will be denoted
by Z.

We first projectivize (T'M)|z to get a CP*~! bundle over Z; this CP*~!
bundle will be denoted by B. So B parametrizes the space of all (real) two
dimensional subspaces of (T'M)|z preserved by Jys (such two dimensional
subspaces are precisely the complex lines in (T'M)|z equipped with the
complex vector bundle structure defined by Jys). Let

T:B— Z
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be the natural projection.

For notational convenience, the pulled back vector bundle 7*((T'M)|z)
will be denoted by 7*T' M.

Let

T, = kernel(dr) C TB

be the relative tangent bundle, where dr : TB — 7*T Z is the differential of
. The map 7 is almost holomorphic, and T’; has the structure of a complex
vector bundle. It is known that the complex vector bundle T’ is identified

with the vector bundle Home¢ (L, (n*TM)/L) = (n*TM)/L) ®@c L*, where

LcCr*TM

is the tautological real vector bundle of rank two; note that both £ and
(m*T M) /L have structures of complex vector bundles given by Jjs, and the
above tensor product and homomorphisms are both over C. Therefore, the
pullback 7*T M splits as

L& ((T*TM)/L) = L& (T @ L).

The image of the zero section of the complex line bundle £ — B is identified
with B, and the normal bundle of B C L is identified with £. A small
deleted normal neighborhood Ug of B in £ can be identified with a deleted
neighborhood U of Z in M. Let Up := UgJ B be the neighborhood of B in
L (it is no longer a deleted neighborhood), where B is again identified with
the image of the zero section of £. In the disjoint union (M \ Z) U Upg, we
may identify U with Ug. The resulting topological space will be called the
almost complex blow-up of M along Z.

Remark 2.3

(1) Consider the foliation on the deleted neighborhood U of Z in M de-
fined by F. Let Ly denote the leaf space for it. After identifying B
with the image of the zero section of 7*T' M, we obtain locally, from a
neighborhood of B, a map to the leaf space Ly .

(2) Note that the notion of an almost complex blow-up above is well-defined
up to the choice of an identification of U with Ug. Therefore, the con-
struction yields a well-defined almost complex manifold, up to an iso-
morphism.



An almost complexr Castelnuovo de Franchis theorem 5

3. Proof of Theorem 1.2

We will first show that the leaves of F in Section 2 are proper embedded
submanifolds of V = M\ Z.

Suppose some leaf Ly does not satisfy the above property. Then there
exists z € V and a neighborhood U, of x such that U, (Lo contains in-
finitely many leaves (of F) accumulating at z. Let o be a smooth path
starting at x transverse to F. Thus for every € > 0 there exist

(1) distinct (local) leaves Fy, Fy C U, (| F, such that (globally) Fy, F» C Ly,
(2) points y; € Fj, j =1,2,

(3) a sub-path 012 C 0 C U, joining y; and ys, and

(4)

4) a path T C Lg joining y; and yo such that
’ / wi| <€ Vi
g12
Since F is in the kernel of each w,
/ Wi | = 0, Y i.
T12

Setting € smaller than the absolute value of any non-zero period of the w;’s,
it follows that

/ wi=01<:<g.
T12U012

Hence
/ wi=0V1<i<yg.
J12

Taking limits we obtain that w;(c’(0)) = 0; but this contradicts the choice
that o is transverse to F. Therefore, the leaves of F are proper embedded
submanifolds of V.

Consequently, the leaf space

D =V/(F)

for the foliation F is a smooth 2-manifold. Let
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q:V—D

be the quotient map.

Remark 3.1 The referee kindly pointed out to us the following consider-
ably simpler proof of the fact that leaves of F are closed in V:
By equation (1), we have w; = f; jw;. Since w; are closed,

d(f@j) A Wi = O, v ’L,j

The functions f; ; define a map f: V — CP!. Since d(f; ;) Aw; = 0, it
follows that f is constant on the leaves of the foliation F defined by the
forms w;, 1 < ilegn.

Next, let

§=TV/F

be the quotient complex line bundle on V. Then £ carries a natural flat
partial connection D along the leaves (cf. [5]); this D is known as the
Bott partial connection. It is straightforward to check that D preserves
the complex structure on £. Indeed, this follows immediately from the fact
that w; are of type (1,0). Hence £ induces an almost complex structure on
D. Since D is two—dimensional, this almost complex structure is integrable
giving D the structure of a Riemann surface. Further, there exist closed
integral (1,0) forms 7;, 1 <14 < g, on D such that

w; = f*77z‘~

3.1. Removing indeterminacy

Since Z(w;) are mutually transverse, we can construct the almost com-
plex blow-ups of M along Z successively along the p—fold intersections,
w=2,...,9, to obtain M such that

(1) there is an extension of the line bundle & to all of M,
(2) there is a well-defined smooth map

—

qg: M — D

extending ¢, and
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(3) the blown-up locus has the structure of complex analytic CP!-bundles
as usual (due to transversality).

The Riemann surface D is compact because M is so. Further, D has
genus greater than one as ¢ > 1. So any complex analytic map from CP! to
D must be constant. Therefore, ¢ actually induces a smooth map from M
to D, and we may assume that the indeterminacy locus of ¢ was empty to
start off with, or equivalently that ¢ extends to a smooth map g: M — D.
This furnishes the required conclusion and completes the proof of Theorem
1.2.

4. Refinements and consequences

4.1. Stein factorization

We now proceed as in the proof of the classical Castelnuovo-de Franchis
Theorem, [1, p.24, Theorem 2.7], to deduce a posteriori that D is a Stein
factorization of a map to a compact Riemann surface. Define

h:V — CPI™ ) m— [wi(m): - wy(m)].

Suppose w;(m) # 0. Then there exists a small neighborhood U(m) such
that

h(z) = [fri(z) - ficni(@) s 1 fipaa(z) 2 fra(m)], VxeU(m),

where f; ; are defined in (1). Since w; A w; = 0 and dw; = 0 for all ¢, 7, it
follows that df;; A w; = 0. Consequently, each f;; is constant on the leaves
of F. Hence h has a (complex) one dimensional image, so the image of h is
a Riemann surface C.

Further, h induces a holomorphic map

hliD—>C.

We note that D may be thought of as the Stein factorization of h, and h
factors as h = hy oq.

4.2. Further generalizations

Let M be a compact manifold, and let S C T'M be a nonsingular foli-
ation such that M has a flat transversely almost complex structure. This
means that we have an automorphism
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J:TM/S — TM/S

such that

(1) JodJ = _IdTM/Su and
(2) J is flat with respect to the Bott partial connection on TM/S.

Let w;, 1 <1i < g, be linearly independent smooth sections of (TM/S)* ® C
such that

(1) each w; is flat with respect to the connection on (TM/S)* ® C induced
by the Bott partial connection on T'M/S,

(2) each w; is of type (1,0), meaning the corresponding homomorphism
TM/S — M x C is C-linear,

(3) each w; is closed when considered as a complex 1-form on M using the
composition

TM ®C — (TM/S)®C 2% M x C

(4) w; Aw; =0 for all 4,7, and
(5) wj are in general position.

Theorem 1.2 can be generalized to this set—up.

Remark 4.1 The only real use we have made of the hypothesis in The-
orem 1.2 that w;’s are in general position is to ensure that Z has complex
codimension at least two. This is what allows us to remove indeterminacies
in the smooth category (as opposed to the algebraic or complex analytic
categories, where complex codimension greater than one follows naturally).
Any hypothesis that ensures that the indeterminacy locus has complex codi-
mension greater than one would suffice.
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